F-signature is an important numeric invariant of singularities in positive characteristic that can be used to detect strong F-regularity. One would like to have a variant that rather detects F-rationality, which led Hochster and Yao to propose a definition of F-rational signature. However, their theory would seem to be missing a number of important (geometric) properties of the original F-signature. We propose a modification of their definition that fills this gap, showing in particular that the modified definition can only increase upon localization and gives rise to a lower semicontinuous function. We also explore the relation with the dual F-signature introduced by Sannai and conjecture that the two invariants coincide.
Introduction
Let (R, m) be a commutative Noetherian local domain of positive characteristic p and dimension d. The world of positive characteristic is driven by the Frobenius endomorphism F : R → R defined by r → r p . A particular way to study this endomorphism is via the family of modules F e * R obtained from R by iterated restriction of scalars, so that rF e * x = F e * (r p e x). Under mild assumptions, satisfied in most arithmetic or geometric settings, these modules are finitely generated; we shall assume this holds throughout the introduction. Kunz proved that these modules detect regularity [Kun69] : F e * R is free for all e ∈ N (or equivalently any e ∈ N) if and only if R is regular. This result motivates the definition of a number of numerical measures of singularities in positive characteristic, including F-signature and Hilbert-Kunz multiplicity.
The first of such invariants, the Hilbert-Kunz multiplicity, was defined by Monsky in 1983 ( [Mon83] ) as an extension of earlier work of Kunz ([Kun76] ). If ℓ( ) denotes the length over R, the Hilbert-Kunz multiplicity of an ideal I with ℓ(R/I) < ∞ is defined as e HK (I) = lim e→∞ 1 p ed ℓ(R/I [p e ] ) where I [p e ] = x p e | x ∈ I is the expansion of I over the e-iterated Frobenius. Similarly, the F-signature was formally defined by Huneke and Leuschke [HL02] building upon the earlier work of Smith and Van den Bergh [SVdB97] on R-module direct sum decompositions of F e * R. In our setting, it is given by
Both s(R) and e HK (m) are natural measures of singularity, as they encode asymptotically how far the modules F e * R are from being free. An alternate perspective on the F-signature, pioneered in [WY04, Yao06] and borne out in [PT18] , links the two invariants together and characterizes the F-signature as the infimum of all relative Hilbert-Kunz differences s(R) = inf {e HK (I) − e HK ( I, u ) | u / ∈ I, ℓ(R/I) < ∞} .
A crucial property of the F-signature is that it detects strong F-regularity, a class of singularities central to the celebrated theory of tight closure pioneered by Hochster and Huneke [HH90] . (Strong) F-regularity can be viewed as the positive characteristic analogue of Kawamata log terminal singularities important to the minimal model program in higher dimensional complex algebraic geometry [Har98, HW02, Smi97b] . Closely related to F-regularity, F-rationality has long been an important class of singularities in positive characteristic commutative algebra. Classically defined by the property that all ideals x generated by a system of parameters x = x 1 , . . . , x d are tightly closed ( [FW89] ), F-rationality can be interpreted geometrically as a positive characteristic analogue of rational singularities over the complex numbers ([MS97, Smi97a, Har98] ).
Recent years have led to rapid advances in our understanding of the F-signature; focusing on those most relevant to our current purpose, we highlight the following five core properties of Fsignature.
(1) Existence: the limit defining s(R) exists [Tuc12] . Recent attempts have been made to find an invariant akin to F-signature which detects Frationality rather than F-regularity. The first, due to Hochster and Yao [HY] , builds on the notion that relative Hilbert-Kunz multiplicity can be used to test for tight closure. The F-rational signature of R, denoted here by s rat (R), is defined by
where the infimum is taken over all systems of parameters x and elements u / ∈ x . When R is Gorenstein, it is straightforward to check that s rat (R) and s(R) coincide (see [HL02] ). Hochster and Yao show that s rat (R) > 0 if and only if R is F-rational, so that the F-rational signature detects F-rationality and satisfies the analogue of property (2) above. Moreover, interpreted appropriately, one can show the F-rational signature satisfies an analogue of existence (1) as well; this property is particularly important in practice as it allows for estimation and computation. However, to our knowledge, it is unclear (and perhaps unlikely) that the F-rational signature satisfies analogues of properties (3), (4), and (5) above.
Following the introduction of the F-rational signature, an alternate construction was introduced by Sannai [San15] mimicking the original definition of F-signature directly. Called the the dual F-signature of R and denoted here s dual (R), the invariant is defined as
* ω R where R is assumed Cohen-Macaulay with canonical module ω R . Once again, when R is Gorenstein, it is clear that s dual (R) and s(R) coincide. Sannai shows (relying heavily upon [HY] ) that s dual (R) > 0 if and only if R is F-rational. Moreover, s dual (R) is shown to detect regularity and be compatible with localization as well, satisfying in total the analogues of properties (2),(3), and (4) above. However, it is unclear if the limit defining the dual F-signature exists. Not only is this problematic when attempting to compute or estimate s dual (R), it is also at the heart of the difficulty in attempting to show that the dual F-signature defines a lower semicontinuous function on Spec(R). Thus, in short, we are left to wonder if the dual F-signature indeed satisfies the analogue of properties (1) and (5).
The main goal of this paper is to investigate modifications of the definition of F-rational signature in order to satisfy the aforementioned properties. The first of these we call here the relative Frational signature and denote by s rel (R):
where the infimum is taken over all systems of parameters x and ideals I properly containing x . We show that this modified invariant behaves nicer than the original in that it satisfies the first four of the five core properties of F-signature listed above:
(1) s rel (R) exists as a limit.
(2) s rel (R) ≥ 0, and s rel (R) > 0 if and only if R is F-rational (Corollary 4.12).
(3) s rel (R) ≤ 1, and s rel (R) = 1 if and only if R is regular (Proposition 2.2).
(4) s rel (R) ≤ s rel (R p ) for every prime p (Proposition 2.4). In addition to these properties, we show an appropriate deformation inequality s rel (R) ≥ s rel (R/f R). This will allow us to recover [HH94, Theorem 4.2(h)]) and verify that F-rationality deforms (Corollary 4.16). The relative F-rational signature also behaves well under flat maps (Corollary 2.5).
We also attempt to prove that the relative F-rational signature is lower semicontinuous, but in order for the proof to work a further modification is necessary for non-geometric points (i.e., when the residue field is not algebraically closed). This further modification makes use of the (Grothendieck) trace of Frobenius, which gives rise to a Cartier structure on the canonical module in the sense of Blickle [Bli13] . For that reason, we call the new invariant the Cartier signature and denote it by s Tr (R) in reference to the trace map. In Theorem 4.9, we show a string of inequalities relates all of the invariants together
These inequalities together with properties of s rel (R) and s dual (R) imply that s Tr (R), in fact, satisfies all of the five core properties. In particular, it follows that the set {p | s Tr (R p ) > 0} is the F-rational locus of R and is open, so we recover a result of Vélez [Vél95, Theorem 1.11].
In Example 4.10, we show that s rat (R) can be larger than s rel (R) so that the first in the string of inequalities above may be strict. However, we conjecture that the remaining invariants coincide. Note that s rel (R) = s Tr (R) if the residue field is algebraically closed (Corollary 4.4) and that all five invariants coincide when R is Gorenstein ([HL02]).
As an outcome of the rapid growth, we now have at least three ways to define and work with F-signature: in addition to the definition above, we may instead use the splitting ideals I e defined by Aberbach-Enescu ([AE06]) and Yao ([Yao05] ), or define it as the minimal relative Hilbert-Kunz multiplicity, introduced by Watanabe-Yoshida ([WY04]) and Yao ([Yao06] ) and proved to be equivalent by Polstra-Tucker [PT18] . The invariants s dual (R), s Tr (R), s rel (R) are generalizing these three different points of view, so if Conjecture 1.1 holds, the theory will be fully parallel to that of F-signature.
1.1. Structure of the paper. In Section 2, we define relative F-rational signature as a minimal relative Hilbert-Kunz multiplicity and establish a number of results. In Lemma 2.2 we show that the new signature theory detects singularity, in Corollary 4.12 we show that positivity of relative F-rational signature determines F-rational singularities, and in Corollary 2.3 we show that larger values impose further restrictions on singularity. We will also prove Corollary 2.8 that allows us to compute Cartier signature by using socle ideals.
In Section 3, we introduce Cartier signature and prove its existence. The goal of Section 4 is to compare the known theories of F-rational signature and obtain a big chain of inequalities in Theorem 4.9. Most of the properties of the Cartier signature are then derived as corollaries. In Proposition 4.15 we prove the deformation inequality for s rel (R) and s Tr (R).
In Section 5 we establish semicontinuity of Cartier signature (Corollary 5.4). The proof is based on two ideas: first we apply uniform convergence methods introduced in [Tuc12] to translate the problem to a more tractable invariant and then use semicontinuity of the rank of a continuous matrix-valued function on a vector bundle (Theorem 5.3). This novel geometric technique requires us to extend the residue fields which is the reason for the difference in the definitions of s rel (R) and s Tr (R).
Relative F-rational signature
In this section we introduce relative F-rational signature as a generalization of F-rational signature and study its properties.
Definition 2.1. Let (R, m) be a local ring.
(1) The F-rational signature of R is defined as
where the infimum is taken over all systems of parameters x and ideals x ⊂ I.
where the infimum is taken over all systems of parameters x and ideals x ⊂ I. F-rational signature was defined by Hochster and Yao in [HY] and as its name indicates the invariant vanishes precisely when R is not F-rational [HY, Theorem 4.1]. In (1) above, it is enough to consider any fixed system of parameters [HY, Theorem 2.5] and it is easy to see that one can restrict to socle ideals I = x, u , where x : u = m (cf. Corollary 2.8 for a similar but less transparent result for relative F-rational signature). Though the difference in the two definitions would seem small, the additional normalizing factor in the definition of relative F-rational signature is quite useful and leads to a number of desirable properties that are unknown (if not likely false) for F-rational signature.
2.1. Measuring singularities. As a first step, we record that the relative F-rational signature is normalized so as to detect singularity. It is not known if the original F-rational signature can be used to detect singularities, or even if it is bounded above by 1 (which we suspect may be false). The same idea can also be used to show that R has mild singularities assuming s rel (R) is sufficiently close to one.
Corollary 2.3. Let (R, m) be a formally unmixed local ring with infinite residue field.
Proof. Take a system of parameters x that forms a minimal reduction of m, so that e( x ) = e(R). Suppose that s rel (R) ≥ 1 − ε for some ε > 0. It follows from the definition that
Following the method of proof in Proposition 2.2, we obtain
The desired result now follows from that of Aberbach and Enescu [AE08, Corollaries 3.5, 3.6], which makes use of the expressions for ε appearing in statements (1) 
Proof. By induction om dim R/p, we may assume that dim R/p = 1. Let x be elements in R such that the images of x in R p form a system of parameters. By prime avoidance, we can complete x to a system of parameters x, y. Let J be an arbitrary ideal in R p such that x ⊂ J.
Since J ∩ R is p-primary and multiplicity is additive, we obtain that Similarly, since y p e is a parameter modulo
Next we study the behavior under flat extensions. Proof. First, we can take a minimal prime ideal Q of mS and observe that s rel (S) ≤ s rel (S Q ) by Proposition 2.4. Thus we assume that mS is primary to the maximal ideal of S, i.e., the two rings have same dimension.
By flatness, we can tensor a composition series and get that, for an m-primary ideal I, ℓ(S/IS) = ℓ(R/IR)ℓ(S/mS). Thus e HK ( x ) − e HK (I)
Thus, because there are more ideals in S, we obtain that
While it seems that we do not understand completely when F-rationality passes from R to S, there is still a number of partial results in literature ([Ene00, Has01, Vél95] ). Perhaps the most promising for Question 2.6 is a result of Vélez ([Vél95, Theorem 3.1]) that shows that F-rationality is preserved when R → S is smooth.
Proposition 2.7. Let (R, m) be a local ring of characteristic p > 0. Then for any system of parameters x, any ideal J
x , and any element a ∈ m there exists an ideal I, such that
Proof. Let m be an integer such that a m+1 J ⊆ x . We will prove the claim by induction on m, with the trivial base case of m = 0. By our assumption we have the exact sequence
It is easy to see that ( x : J a) [ x [p e ] → 0 shows us that e HK ( x ) − e HK (J) ≥ e HK ( x ) − e HK ( x : J a) + e HK ( x ) − e HK ( x, aJ ).
Thus it follows from the inequality a+c
Therefore we can either take I = x, aJ or we apply the induction hypothesis to x : J a and find I ⊂ x : J a ⊂ J such that aI ⊆ x . where the infimum is taken over all systems of parameters (and Corollary 4.2 will show that x may be fixed).
Proof. Let x be a system of parameters and J be an arbitrary ideal containing x. If m 1 , . . . , m k = m, then, after applying Proposition 2.7 k times, we obtain the ideal I such that mI = m 1 , . . . , m k I ⊆ x and e HK ( x ) − e HK (J)
3. F-signature theory via the trace map
In this section we build a different theory of F-rational signature using the trace of the canonical module. We start by explaining the formalism of Cartier modules following Blickle ([Bli13]). 
The Cartier signature of W is then defined as
Remark 3.4. If R is a domain, then the denominator, p e dim R [k : k p e ] is equal rank F e * ω R = rank F e * R, because ω R has rank 1 and [Kun76, Proposition 2.3] allows us to compute the latter. Remark 3.5. Because Tr e generates Hom(F e * ω R , ω R ), Z e (W ) consists of elements that are contained in the kernel of all maps 1 ⊗ φ : 
Proof. By restricting the original map to one of the summands and composing with an arbitrary multiple of Tr e+1 , we obtain the diagram
the resulting map F e * ω R → ω R must necessarily be a premultiple of Tr e too. Thus the resulting map
resulting map by definition will map Z e (W ) to 0. Since r was arbitrary, we see that γ e (Z e (W )) ⊆ Z e+1 (W ) by the definition.
The claim gives us the exact sequence
which by Remark 3.6 gives us the bound
For the second step, we consider the analogous exact sequence
Claim 3.10. δ e (F e+1 * Z e+1 (W )) ⊆ ⊕ αp F e * Z e (W ). Proof. It is enough to show that if we compose δ e with a projection on one of the summands, then the image of Z e+1 (W ) is in Z e (W ). However, F e+1 * ω R δe − → αp F e * ω R → F e * ω R is necessarily a premultiple of the trace again, so the proof is similar to the first claim.
Thus we have the exact sequence
Since ℓ R (F e * M) = [k : k p e ]ℓ R (M), after combining and dividing the inequalities by [k : The proof also gives us uniform convergence on Spec R, independent of a prime ideal. 
Comparing the theories
In this section we will compare the two known theories of F-rational signature with the two theories that we introduced. 
where the infimum is taken over all finite length submodules of H and immediately shows that s rat (R) is independent of a system of parameters. Via Corollary 2.8 the same argument applies to s rel (R). Proof. Let us denote M ∨ := Hom R (M, E). First, L ∼ = I/ x is a vector space, so W is naturally a quotient of (
H is defined as the image of the induced map F e (L) → F e (H), thus, (L [p e ] H ) ∨ becomes the image of the induced map (F e (H)) ∨ → (F e (L)) ∨ . By the Hom-tensor adjunction, we obtain that
where Hom R (F e * R, ω R ) has the R-module structure given by the first argument, i.e., r · α(s 1/q ) = α((r q s) 1/q ) for every r, s ∈ R and α ∈ Hom R (F e * R, ω). Similarly, (F e (L)) ∨ ∼ = Hom R (F e * R, W ) with the same R-module structure. Thus we have the commutative diagram 0
Hom
from which the claim easily follows. 4.2. Dual F-signature. We also want to compare our invariant with a different notion developed by Sannai ([San15] ).
Definition 4.6. Let (R, m, k) be an F-finite Cohen-Macaulay local ring. Let ω R be the canonical module of R. For any e let b e be the largest integer such that there is a surjection F e * ω R → ⊕ be ω R → 0. Then the dual F-signature is defined as
Remark 4.7. In [San15] the dual F-signature was defined under the assumption that R is reduced. This restriction is not essential since if s dual (R) > 0 then R is reduced. Namely, if we consider a surjection F e * ω R → ω R → 0, and a be a nilpotent element such that a p e = 0 then aF e * ω R = 0 and thus aω R = 0 which is a contradiction with faithfulness of ω R ([Aoy83, (1.8)]). Proof. The first inequality is clear from the definitions. The second inequality easily follows from Lemma 4.3. Now we show the third. Let ω R be the canonical module. From a surjection F e * ω R → ⊕ be ω R → 0 we can build a map Since ω A = ω R / x [p e ] ω R , the surjection can be lifted to F e * ω R → ⊕ N ω R → 0, and the claim follows. Before presenting the consequences of the theorem, we want to remark that the first inequality may be sharp. ]. If we take a system of parameters x n , y n then the whole maximal ideal x n , x n−1 y, . . . , y n is the socle. We may compute the Hilbert-Kunz multiplicity by passing to k[x, y]
On the other hand, e HK ( x n , y n , V ) = ℓ(V / x n , y n ) = n and, thus,
Therefore, s rel (V ) = s dual (V ) = 1/2. On the other hand, Hochster and Yao ([HY, Example 7.4]) computed that s rat (V ) = 1 − 1 n . This comparison result allows us to consider Lemma 2.2 as a generalization of [San15, Theorem 3.9] that asserts that dual F-signature detects singularity. We may also use it to prove the corresponding result for the Cartier signature. We can also use it to show that our two theories still detect F-rationality. If R is not strongly F-regular, the intuition suggests that further added element might be already in tight closure and will not change the relative Hilbert-Kunz multiplicity. This speculation leads to the following question. Proof. We have the following commutative diagram
Trω R Trω R •×F e * x p e −1 Trω R/xR ×x that allows us to think about the trace map on ω R/xR as a precomposition of the trace on ω R . For any field extension k ⊆ ℓ and any quotient ℓ ⊗ R ω R/xR → W → 0 we then obtain the induced diagram 
Semicontinuity of Cartier signature
In this section we will establish semicontinuity of Cartier signature. First, let us recall the definition. 
Note that the maps factors through ℓ ⊗ R F e * ω R /m [p e ] ω R . The next theorem globalizes this construction via Grassmanians (see [Nit05] and [Gro62] ). The Grassman functor of a coherent sheaf E on a scheme X of rank n associates to any X-scheme Y the set of all equivalence classes E × X Y → F where F is locally free on Y of rank n. The Grassmanian scheme Grass(E, n) represents the functor by Hom X (Y, Grass(E, n) ). The representing scheme is projective over S.
Theorem 5.3. Let R be an F-finite Cohen-Macaulay ring and ω R be a canonical module. For any positive integers e and n the function 1
where the infimum ranges through all finite extensions k(p) ⊆ ℓ and n-dimensional quotients W of ℓ ⊗ R ω R , is lower semicontinuous on Spec R.
Proof. Consider the rank n Grassmannian π n : B n → Spec R of the coherent sheaf ω R and Q be its universal quotient bundle. As in Remark 5.2 we can define maps g n : π * n F e * ω R
where the last map is given by the construction of Q. The rank of the image of the composition is a lower semicontinuous function (e.g., because non-vanishing of a minor is an open condition). If x ∈ B n is a point such that π n (x) = p, then k(x) is a field extension of k(p) and x represents a rank n quotient W x of ω R ⊗ R k(x). Thus at x we have the map
which coincides with Remark 5.2. Since the rank is lower semicontinuous, the set B n (≤ a) := {x ∈ B n | rank g n (x) ≤ a} is closed, so it contains a closed point and the residue field of a closed point is an algebraic extension of k(p) by the Nullstellensatz. In this manner, by the definition of the Grassmanian, we may obtain all possible algebraic extensions of k(p) and quotients of rank n by varying x over the closed points of π −1 n (p). It follows that r n (p) = inf x∈π −1 n (p) rank g n (x). Then r n (p) ≤ a if and only if p ∈ π n (B n (≤ a)). Because π n is a projective morphism, the projection π n (B n (≤ a)) is closed. Thus r n is lower semicontinuous. where W ranges through finite extensions ℓ of k(p) and nonzero quotients of ω R(p) ⊗ R ℓ, is a lower semicontinuous function.
Proof. Theorem 3.8 gives us uniform convergence that we use to interchange infimum and the limit:
inf is lower semicontinuous. Namely, a possible dimension of W is bounded by the number of generators of ω Rq , so the first infimum is actually taken over a finite set, so it is still a lower semicontinuous function by Theorem 5.3. Last, we observe that p e dim Rp [k(p) : k(p) p e ] is constant on connected components by [Kun76, Corollary 2.7] and that the uniform limit of lower semicontinuous functions is lower semicontinuous.
Since positivity of Cartier signature determines the F-rational locus, semicontinuity of Cartier signature is a generalization of [Vél95, Theorem 1.11] where it was shown that F-rational locus is open.
